Discrete Damage Modeling (DDM) was applied to strength prediction of three types of composite tape specimens exhibiting rather brittle behavior. These were transverse tensile coupons, three-point bend 90° coupons and NASA LaRC Clamped Tapered Beam sub-element. The performed strength predictions are sensitive to the value of the transverse tensile strength Y t . Deterministic strength predictions required different values of Y t for realistic prediction of strength for the three specimen categories. Weibull scaled seeding of transverse tensile strength was introduced to address this problem. Cohesive Zone Method (CZM) in the field of random initiation strength distribution was examined and revealed that a finite seed length is required in order the reproduce brittle behavior. A 0.4mm seed length window was applied and resulted in realistic predictions of strength in all three specimens based on the Y t =64MPa measured on standard ASTM 90° coupons and Weibull modulus of α=13.
INTRODUCTION
Laminated composite materials are used in a variety of aerospace, automotive, and sports equipment applications. In designing these parts, coupon tests are performed to determine the material properties to be used in the design. However, manufacturing and material variation cause significant strength variations within a single part in all three material directions. Significant amount of work was devoted to measurement and characterization of variation of basic stiffness and strength properties of tape composites, and in-situ transverse tensile strength in particular. The subject literature is very extensive and the reader is referred to recent experimental work [1] including ______________ 1 references. While the mechanism and interlay of strength controlled initiation and fracture mechanics controlled propagation as a function of ply thickness are well understood, it is pointed out that additional brittle strength scaling concepts are required to explain the entire spectrum of results.
Understanding the implications of input property variation and scaling is also critical to application of progressive damage analysis (PDA) to design and certification of composite structures. Thus recently performed simulations of failure initiation and propagation in Clamped Tapered Beam (CTB) specimens [2] showed good agreement with experimental data for ply level transverse strength parameter obtained by using 3 point bend (3PB) test method [3] whereas the results obtained by using an almost two times lower value resulting from tensile testing of 90° coupons [4] resulted in 30% underprediction of the peak load. The goal of the present work is to introduce spatial scatter of transverse strength parameters into simulations and attempt to predict the strength of all categories of coupons. i.e. 90° tension, 3PB and CTB specimens with a single set of input parameters.
The Discrete Damage Modeling (DDM) method utilizing Regularized Extended Finite Element Method (Rx-FEM) was used for simulation [5] - [7] . Two aspects of this mesh independent cracking methodology are affected by random distribution of transverse strength. One is the randomization of the crack initiation location, and second is the cohesive zone methodology based propagation with nonuniform variation of release pressure. The fracture toughness in the mode I and II were not varied in the present study. The cohesive zone model response with random seeding of initiation strength was theoretically investigated first and showed that a finite physical dimension based seeding is required to reproduce the Weibull type weak link failure load scaling with the nonuniform field of initiation strength. Namely if the initiation strength is seeded based on the integration point the global behavior is not brittle. Next the minimum dimension of the seed was evaluated by modeling 3PB and standard tensile coupons and finally the CTB revisited.
METHODOLOGY Deterministic Cohesive Zone model
We begin by discussing the mixed-mode cohesive zone interface fracture model proposed by Turon et al. [8] . The brief description below is given for completeness of the present formulation and the reader is referred to reference [8] for full details. We consider an arbitrary point at the crack interface with a normal vector n and a displacement jump vector ∆u. Our goal is to describe the fracture energy of separation of an arbitrary interface point. The cohesive energy can be written in the invariant form as a function of the norm of the displacement jump λ=||∆u|| and a mode mixity parameter, B is equal to 0 for mode I propagation, and is equal to 1 for mode II propagation. The functional shape of the fracture energy as a function of the displacement gap is defined by the relationship between the cohesive tractions and the displacement jump, which is assumed to have the form:
where K is a high initial penalty stiffness and d is the damage parameter. The first term in Equation (2) represents the crack cohesive force, and the second term prevents interpenetration of the crack surfaces. A bilinear relationship is assumed for the magnitude τ(λ)=|τ τ τ τ| of the cohesive traction vector, defined in (2), such that
The initial value of the displacement jump, beyond which the interface failure begins, is defined as
where τ 0 is the cohesive strength. The cohesive strength depends on the mode
where Y and S are the interfacial normal and shear strengths, respectively, and η is an experimentally determined influence parameter. The fracture energy density g(λ,B) is the area under the τ(λ) curve, so that .
To ensure the correct crack propagation characteristics, the final value of the displacement jump, ∆ 1 is defined so that the following condition is satisfied
where the critical energy release rate (ERR), G c , or fracture toughness, is assumed to be a function of the mode mixity as follows [[8] ]
and G Ic and G IIc are experimentally measured fracture toughness values. In the case of a bi-linear τ(λ) relationship, the final value of the displacement jump is
determined by the initial value of the displacement jump and the fracture toughness as
All parameters entering the analysis, such as the fracture toughness and strength values, are material properties that can be measured by using standard test methods.
Cohesive Zone Model with Random Distribution of the Cohesive Strength
The material properties such as the cohesive zone strength and fracture toughness are expected to vary spatially in any given material. To characterize such variation insitu is a formidable problem whereas this variation will have an effect on failure processes and strength of coupons and structures. In the following we will explore such effects by considering spatial variation of cohesive strength Y and S in CZM described above. In this section we will obtain basic analytical results on an example of Mode I loading and focus on the strength rather than propagation aspects in CZM modeling. We consider flat surfaces held together in every point with cohesive force (2) as shown in Figure 1 . These surfaces are pulled apart by a uniform displacement jump of ∆u, and λ=||∆u||. Each point x along the surface has a value of cohesive strength Y(x) which is a random variable and thus results in cohesive force of τ(x), which we rewrite for monotonic tensile loading under Mode 1 in simplified form
In Equation (9) the spatial coordinate is omitted, however, parameters τ, Y, ∆ 0 and ∆ 1 vary in each point and only the penalty stiffness and the displacement jump are will independent of x. The displacement jump values ∆ 0 and ∆ 1 corresponding to damage initiation and failure can be obtained from Equations (3) and (8) and expressed in our simplified case as 
where the penalty parameter K and the fracture toughness G c are constant. We consider λ to be the loading parameter so that the cohesive force τ(Y, λ) is a function of random variable Y for a given displacement jump. Assume Weibull distribution for Y as following
And the associated probability density function as
where α and β are shape parameters responsible for scatter and mean respectively. One can now calculate basic characteristics of the cohesive force as a function of the displacement jump λ,
which provide the average value τ ave (λ)= ) (τ E and variance Var(τ (λ)) = ( )
− of the cohesive force. According to Equation (9) the cohesive force is a piecewise continuous function and the integrals (13) have to be taken over separate integration intervals, i.e.
The first integral in Equation (14) Noticing that the first integral in Equation (14) can be readily calculated in the closed form we obtain the following expression for average value of cohesive traction at which the cohesive zone initiates damage
which is similar to the response of an infinite bundle of fibers under uniform strain when an individual fiber strength follows Weibull distribution. Indeed, the term Kλ in Equation (15) is equivalent to stress carried by a fiber and the exponent is the portion of surviving fibers under this stress, i.e. 1-F(Kλ), given by Eqn. (11). Such behavior is not brittle. The implication of this behavior is that the strength is governed by average and not the weak link type behavior of the individual integration points. The only possibility to recover the brittle behavior by using the CZM approach is to have a cluster of integration point seeded with equal strength such that when it is exceeded the size of the cluster is sufficient to activate the fracture mechanics CZM mechanism and lead to catastrophic failure. Even though an analytical approach to this problem is possible, a numerical path will be explored below.
Discrete Damage Modeling
The DDM approach consists of mesh-independent modeling of matrix cracks in each ply of the laminate, and modeling the delamination between the plies by using a cohesive formulation at the ply interface. The matrix cracks are modeled by using the Regularized eXtended Finite Element (Rx-FEM) formulation [5] - [7] . This formulation is a derivative of the original x-FEM proposed by Moes et al. [9] , where the cracked element is enriched by additional degrees of freedom to ensure the displacement jump across the crack face. These additional degrees of freedom are associated with the shape functions, which are essentially partitioned along the crack surface, and represented by the Heaviside step function. The regularized formulation replaces the Heaviside step function with continuous function changing from 0 to 1 over a narrow volume of the so called gradient zone. In our approach, the step function is approximated by the same shape functions as the displacements. The simulation begins without any matrix cracking locations built into the model. The loading is applied in incremental way and the stress field at each load step examined through the entire specimen. If a failure criterion, and specifically LaRC04 [10] in the present case, is met an Rx-FEM cohesive zone is inserted and will begin to open under increasing load to form a matrix crack. Thus the random distribution of strength will affect not only the opening characteristics but the location of the matrix crack.
MODELING STRATEGY

Specimen Configuration
Three specimens were simulated during this study: 3PB specimen [3] , a "small" 90° tension specimen which has the dimensions of the 3PB specimen, and the NASA Clamped Tapered Beam (CTB) specimen. The descriptions of each specimen and boundary conditions follow.
THREE-POINT BEND (3PB) SPECIMEN
A 3PB specimen matching configuration A from O'Brien et. al. [3] was developed. The boundary conditions and dimensions are shown in Figure 2 . The simulated specimen was shortened to 25.4 mm in length to model only the span of configuration A. The specimen is comprised of 24 plies of unidirectional IM7/8552 material, with an orientation of 90 degrees. Simply supported boundary conditions were applied at the ends. The simulated specimen matched the thickness (3.3 mm) and the width (6.35 mm) of the experimental coupons. The simulated specimen is essentially two dimensional in that only one element is used through the width of the specimen. The mesh in the length and thickness direction was varied such that a square mesh was maintained throughout all mesh realizations.
DEGREE TENSION SPECIMEN (90T)
A "small" 90° tension specimen of the same dimensions as the configuration A 3PB specimen was developed. The dimensions and boundary conditions are shown in Figure 3 . The specimen uses displacement loading on the right end while fixing the left end displacement in the x direction. While this specimen is not likely to be tested experimentally, it does provide a benchmark for comparing the scaling of strength due to loading between the 3PB and 90T configuration.
CLAMPED TAPERED BEAM (CTB) SPECIMEN
The Clamped Tapered Beam specimen simulated previously by Adluru et al [2] is considered here. The schematic and dimensions for the modeled configuration are shown in Figure 4 . The ply drops are arranged to form a 30° ramp and a small 3.175 mm radius fillet at the transition between skin and flange. The skin and flange are both made of 14 plies of IM7/8552 unidirectional tape arranged in a cross-ply laminate. 
Material Parameters
The material properties are listed in 
Random Spatial Seeding of Yt
Weibull distribution is used to seed the strength in the finite element (FE) models. The smallest volume seed available in a FE formulation is the integration point. The volume which can be associate with it is Vi = wiJi, where wi is the respective Gauss weight and Ji the determinant of the Jacobian matrix. Next volumetric entity will be the finite element and its volume Ve can be calculated as ܸ = ∑ ‫ݓ‬ ‫ܬ‬ , where the summation is taken over all integration points. In the present analysis larger volumetric seeds are considered in a following manner. A uniform spatial grid with a (lx, ly, lz) spacing is TABLE I. In this work, the transverse tension strength for all models is held constant at 64 MPa. However, the strength is scaled based on the control volume and the Weibull modulus, which are also material inputs. The control volume is based off of the ASTM D3039 standard [4] suggested specimen size for determining transverse tension strength. The value is calculated to be 6250 mm 3 . The Weibull modulus is determined by comparing the two transverse tension strength values (64 and 127 MPa) and two test control volumes (6250 and 524 mm 3 ) using equation 10 from [1] . The Weibull modulus is calculated to be approximately 13. 
Random Spatial Seeding of Y t
Weibull distribution is used to seed the strength in the finite element (FE) models. The smallest volume seed available in a FE formulation is the integration point. The volume which can be associate with it is V i = w i J i , where w i is the respective Gauss weight and J i the determinant of the Jacobian matrix. Next volumetric entity will be the finite element and its volume V e can be calculated as ܸ = ∑ ‫ݓ‬ ‫ܬ‬ , where the summation is taken over all integration points. In the present analysis larger volumetric seeds are considered in a following manner. A uniform spatial grid with a (l x , l y , l z ) spacing is erected and all integration points falling within one grid cell are assigned the same value of the transverse tensile strength Y t. . This value is obtained based Weibull distribution (11) updated with volumetric scaling of strength, where
and the seed volume is V s = l x l y l z . A demonstration distribution of strengths is shown in Figure 5 . The different colored regions in Figure 5 represent different strength seeds over the highlighted region. The seeding is performed based on a total number of seeds in the model N s by using uniform distribution of the probability F generated by standard random number generator available in the Math Kernel Library. In this case the transverse strength assigned for a seed which was assigned random value of the probability f s the transverse strength will be as following
RESULTS
Three-Point Bend
The results from the 3PB specimen study are shown in Figure 6 . Figure 6 compares the experiment strength for the 3PB tests to simulated specimens with statistical variation applied at different seed window sizes. The error bars in Figure 6 are one standard deviation from the simulation mean. 20 realizations of stochastic seeding were run for each mean data point shown. The seed window size refers to the side length of the 2D seed window used for the in-plane seeding; since there is only one element through the width, there is only one seed through the width. The seed window sizes of 0.2 mm, 0.3 mm, and 0.4 mm produced simulation means within one standard deviation of the experimental mean. The seed window size of 0.1 mm, which produces a different strength seed in each element, significantly over predicts strength. This over prediction is explained where random uncorrelated point seeding is shown to lead to average rather than brittle behavior of the CZM. As shown in Figure 6 , increasing the seed window size reduces the strength of the specimen significantly to an asymptotic value of approximately 95 MPa. The largest seed window size, 3.3 mm, produces a single strength seed through the thickness and the width due to the size. The matrix crack insertion locations for the 3PB for 5 realizations for seed window size of 0.4 mm are shown in Figure 7 . The matrix crack insertion location varies up to 3 mm away from the load location.
90° Tension Specimen
The predicted tensile strength for "small" 90T specimens as function of the seeding window size are shown in Figure 8 . 10 realizations of stochastic seeding were run for each mean data point shown. The horizontal line shows Weibull scaled strength, which was calculated according to methodology [3] based on Y t = 64 MPa and the ASTM control volume from [4] for standard 90° coupons. The seed window sizes of 0.4 mm, 0.6 mm, 0.8 mm, and 1.0 mm produced a simulation mean within one standard deviation from the experiment strength. As the seed window size increases, the solution converges to the Weibull Scaling Strength value. The 0.1 mm, 0.2 mm, and 0.3 mm produce an over prediction of strength. The explanation for this over prediction is that the length of the crack cohesive zone within the seed window that fails is too small to produce a brittle fracture within the specimen. It is possible that the failed region is near a much stronger region, causing the crack to stall at the next seed window until that strength is exceeded. With the larger seed windows, it appears that the crack is sufficiently long to initiate the brittle failure.
Clamped Tapered Beam Specimen
A detailed analysis of the CTB specimen under static loading was presented in Ref. [2] . The failure process consist of matrix crack development in the taped region in the 90° cluster with a delamination at the 0/90 interface to follow in unstable fashion leading to failure. The simulations were performed with and without taking into account the thermal residual stresses with the properties given in 
Random Spatial Seeding of Yt
Weibull distribution is used to seed the strength in the finite element (FE) models. The smallest volume seed available in a FE formulation is the integration point. The volume which can be associate with it is Vi = wiJi, where wi is the respective Gauss weight and Ji the determinant of the Jacobian matrix. Next volumetric entity will be the finite element and its volume Ve can be calculated as ܸ = ∑ ‫ݓ‬ ‫ܬ‬ , where the summation is taken over all integration points. In the present analysis larger volumetric seeds are considered in a following manner. A uniform spatial grid with a (lx, ly, lz) spacing is TABLE I except the transverse strength, which in the deterministic simulation was Y t = 127 MPa. The resulting peak loads for the without thermal residual stress and with thermal residual stress was 544 N and 570 N respectively. The results of the simulation with random seeded strength properties including the residual strength are reported and compared to the experimental results in TABLE II. The CTB specimen was simulated using a seed window size of 0.4 mm and a mesh size of approximately 0.09 mm square. 10 realizations of the CTB specimen were simulated. The peak load in TABLE II agrees quite well with the experimental range of values. Note that two of the three experiments had a peak load near 550 MPa. Figure 9 shows the locations of the matrix crack in the taper region, which results in the catastrophic failure. Figure 9 (a) and (b) show results of deterministic analysis. When the residual stress is neglected a stress singularity at the 0/90 interface and the free edge causes high tensile stress at that location in the 90° ply and result in a crack initiation. When the residual stress is included the singular stress at this location becomes compressive and the crack develops in a in the middle of the fillet region. By stochastically seeding Y t , seven different crack locations were produced using ten realizations of the model as shown in Figure 9 (c). The cracking locations predicted by using random distribution of strength is in a good agreement with experimental data. 
CONCLUSION
Discrete Damage Modeling (DDM) was applied to strength prediction of three types of specimens exhibiting rather brittle behavior. It was concluded that in order to predict the experimentally measured strength a random Weibull scaled seeding of transverse tensile strength was required, whereas deterministic uniform strength distribution required different values of transverse strength for different specimen configurations. Cohesive Zone Method (CZM) in the field of random initiation strength distribution was examined and revealed that a finite seed length is required in order the reproduce brittle behavior. A 0.4mm seed length window was applied and resulted in realistic predictions of strength in all three categories based on the Y t =64MPa measured on standard ASTM 90° coupons and Weibull modulus α=13.
